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Abstract

In this web-appendix, we provide the following additional results:

S1: Example: Optimal policy under commitment

S2: General nonlinear OPP framework

S3: General convex loss functions

S4: Estimating robust preference parameters

S5: Additional results for the empirical study

References to lemmas, equations, etc..., which start with a “S” are references to this document.

References, which consist of only a number refer to the main text.
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S1 Example: Optimal policy under commitment

In this section we present the details for our sufficient statistics approach when applied to

the optimal policy problem under commitment in the baseline New Keynesian model (e.g.

Gaĺı, 2015, Section 5.1.2). This serves to show that our approach is not only valid under

discretion but can also handle cases of commitment. In other words, regardless which policy

problem the policy maker considers we will show that R′EtY0
t = 0 remains a necessary

and sufficient condition for optimality. Implying that with estimates for R and EtY0
t it is

possible to verify the optimality of the proposed policy choice.

The optimal policy problem under commitment is characterized by a policy maker that

aims to minimize

L0 =
1

2
E0

∞∑
t=0

βt(π2
t + x2

t ) ,

with respect to πt, πt+1, ... and xt, xt+1, ... and subject to the constraints

πt = βEtπt+1 + κxt + ξt ,

xt = Etxt+1 −
1

σ
(it − Etπt+1) .

where β is the discount factor. Note that we can view this example as case a special case of

our general policy problem (14) when taking Et as E0, i.e. starting at t = 0.

The optimality conditions for this problem are given by

x0 = −κπ0 and xt = xt−1 − κπt , ∀ t = 1, 2, . . . , (S1)

or

xt = −κp̂t ∀ t = 0, 1, 2, . . . ,

where p̂t = pt − p−1 denotes the (log) deviation between the price level and an “implicit

target” given by the price level prevailing one period before the central bank chooses its

optimal plan (Gaĺı, 2015, page 135).

A possible interest rate rule that (a) implements this optimal allocation and (b) leads to

a unique equilibrium is given by

it = −[φp + (1− δ)(1− κσ)]
t∑

k=0

δkξt−k − (φp/κ)xt

for any φp > 0 (Gaĺı, 2015, page 138). Note that this instrument rule is a special case of the
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generic policy rule (17). The coefficients in the rule are given by

δ ≡ 1−
√

1− 4βa2

2aβ
, with a ≡ 1

1 + β + κ2
.

The forecasts under the optimal allocation can be written as

E0π0 = δξ0 E0x0 = −κδξ0 E0πt = (δt+1 − δt)ξ0 E0xt = −κδt+1ξ0 (S2)

for t ≥ 1 (Gaĺı, 2015, page 136).

Next, we rewrite this example in our general notation. Let Y0 = (π0, x0, π1, x1, . . .)
′,

P0 = (i0, i1, . . .)
′, Ξ0 = (ξ0, ξ1, . . .)

′ and denote by ε0 = (ε0, ε1, . . .)
′ the sequence of policy

shocks, which are equal to zero under the optimal rule (note that Wt does not exist in this

application). The general model (15)-(17) becomes

AyyE0Y0 −AypE0P0 = ByξE0Ξ0

E0P0 −ApyE0Y0 = BpξE0Ξ0 + εe0

where the coefficient maps are given by

Ayy =



1 −κ −β 0 . . . . . .

0 1 −1/σ −1 0 . . .

0 0 1 −κ −β . . .

0 0 0 1 −1/σ
. . .

...
...

. . . . . . . . . . . .


Ayp =



0 0 0 . . .

1/σ 0 0 . . .

0 0 0 . . .

0 1/σ 0 . . .

0 0 0
. . .

0 0 1/σ
. . .

...
...

. . . . . .



Apy =


0 φp/κ 0 0 . . . . . .

0 0 0 φp/κ 0 . . .

0 0 0 0 0 φp/κ
...

...
. . . . . . . . . . . .
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and

Byξ =



1 0 0 . . .

0 0 0 . . .

0 1 0 . . .

0 0 0 . . .

0 0 1
. . .

0 0 0
. . .

...
...

. . . . . .


Bpξ =


γ0 0 0 . . .

γ1 γ0 0 . . .

γ2 γ1 γ0
. . .

...
. . . . . . . . .



where γj = −[φp + (1− δ)(1− κσ)]δj. It follows that R, after some tedious manipulations,

can be written —under the optimal policy rule— as

R =



κ/(σv) κ2/(σ2v2) + κ/σv2 + κ/(σv) . . .

1/(σv) κ/(σ2v2) + 1/(σv2) . . .

0 κ/(σv) . . .

0 1/(σv)

0 0 . . .
...

...
. . .


where v = 1−φp/(κ/σ). Note that we only show the first two columns for ease of exposition.

Given R and the forecasts (S2) we can verify the equivalence condition, similar as shown in

equation (8) for the problem under discretion we have

∂L0

∂ε0

∣∣∣∣
it

=R′E0Y0

=



κ/(σv) κ2/(σ2v2) + κ/σv2 + κ/(σv) . . .

1/(σv) κ/(σ2v2) + 1/(σv2) . . .

0 κ/(σv) . . .

0 1/(σv)

0 0 . . .
...

...
. . .



′ 

δξ0

−κδξ0

(δ2 − δ)ξ0

−κδ2ξ0

...

...


=


0

0
...
...

 .

This shows that R′E0Y0 = 0 must also hold under optimality when considering problems

with commitment.

In addition, note that as in the case under discretion, the impulse response matrix R is

sufficient to characterize the optimal targeting rule. Working under perfect foresight, the

condition R′Y0 = 0 corresponds exactly to the optimal targeting rule (S1).
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S2 General nonlinear OPP framework

In this section we formalize the generalization of our sufficient statistics approach for nonlin-

ear models. First, we discuss a high level framework that expounds the exact class of models

for which the OPP approach to policy evaluation can work. Second, we provide the details

for the specific cases of state dependence and multiple policy regimes that were discussed in

Section 7.

B1: Generic nonlinear OPP

Consider an economy that can be represented at time t by the moment equations{
0 = Etf(Yt,Pt,X−t,Ξt, ;φ)

0 = Etφ(Yt,Pt,X−t,Ξt)
, (S3)

where f() and φ() are possibly nonlinear functions. The function f() describes the general

economy and takes as inputs the policy variables Yt, the policy instruments Pt, the initial

conditions X−t and the structural shocks Ξt. The policy equation is characterized by φ,

which takes similar inputs. A key difference with the set up in the main text is that we allow

f to depend directly on the policy rule φ. This generalization directly corresponds to the

generic set-up in Lucas (1976), see equations 16 and 17 in his paper, which allows the policy

rule to alter the function f() in an arbitrary way.

The optimal allocation, for the loss function Lt = EtY′tWYt, in this economy is charac-

terized by

min
Yt,Pt,φ

Lt s.t. (S3)

where the difference is that the optimal allocation now also depends on φ, the choice for the

policy rule that may affect the structure in the economy. The optimal expected policy path

is again denoted by P
eopt
t .

To build up to our sufficient statistics approach consider a policy maker who can introduce

exogenous surprises in the policy rule φ. As before we denote such policy shocks by εt and

we postulate that each element of Pt corresponds to a specific element in εt. The economy

becomes {
0 = Etf(Yt,Pt,X−t,Ξt, ;φ)

0 = Etφ(Yt,Pt,X−t,Ξt, εt)
. (S4)

In this setting a policy choice is determined by the function φ ∈ Φ, where Φ denotes an

arbitrary function class and a sequence of policy shocks εt. Let the proposed policy choice

be denoted by (φ0, ε0
t ), which implicitly characterizes the expected policy path P

e0
t and

allocation EtY0
t .
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The following high-level assumption exactly determines the class of models for which our

sufficient statistics approach continues to work.

Assumption S1. There exists a non-empty subset Φopt ⊂ Φ such that

1. for all φ ∈ Φopt and φ = φ0 we have a unique and determinate equilibrium given by{
EtYt = hy(X−t,EtΞt, ε

e
t ;φ)

Pe
t = hp(X−t,EtΞt, ε

e
t ;φ)

.

where hy() is continuously differentiable with respect to all εet ∈ E, where E is an open

convex subset of R∞.

2. Lt(φ,0) ≤ Lt(φ̃, ε̃et ) for all φ ∈ Φopt, φ̃ ∈ Φ\Φopt and ε̃et ∈ E.

The first part of the assumption imposes the existence of a unique equilibrium under

the optimal policy rules φopt and the proposed policy rule φ0. The second part defines the

optimal rules as those that minimize the loss function. The key part in the assumption is

that the loss function is minimized by φopt with εet = 0. That is, under the optimal rule it is

not possible to further lower the loss function by introducing exogenous policy news shocks.1

For nonlinear models like (S3) this assumption would need to be verified on a case by case

basis. To better understand Assumption S1, it is helpful to consider our baseline (linear)

framework and discuss how AssumptionS1 is satisfied in this simpler case.

First, for the first part of AssumptionS1, note that Assumption 2 in the main text ensures

that a unique equilibrium exists under φ0. In addition, AssumptionS1 also require that a

unique equilibrium exists under φopt. The reason is that we need to ensure that the gradient

of Yt with respect to εt exists under the optimal policy. In the linear model this is not

necessary as the optimal policy allocation does not depend on φ, see equation (16). With

f(·) depending on φ however, this is no longer the case and the optimal policy does depend

on φ. In that case, we also need a “well-behaved” optimal rule, i.e., that φopt implies a

unique equilibrium. The second part of Assumption S1 holds in our linear framework as the

optimal allocation P
eopt
t does not depend on εet and can be attained by a rule of form (17).

For instance, we may take App = Apw = Bpx = Bpξ = 0 and Apy = R0′W , to obtain the

optimal targeting rule R0′WEtY0
t = 0.

1If the the functional form of the policy rule (the function φ()) is unrestricted, this assumption is mild as
there is no reason for the policy maker to introduce exogenous shocks: Since the loss function is conditioned
on time t information, the policy maker should be able to minimize the loss function by choosing an arbitrarily
complex φ that optimally responds to the time-t information set. That said, if the class of rules is restricted
(say because there is a limit to the complexity of the rules that policy makers can follow in practice),
additional policy surprises may lower the loss function. In other words, whether assumption S1-part 2 holds
depends on the interplay between the complexity of the economy and the class of policy rules that can be
implemented.
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With assumption S1 in hand we can proceed with our policy evaluation, similar as in the

main text we are interested in testing H0 : P
e0
t = P

eopt
t . As a test statistic we rely on the

generalized OPP statistic given by

δg∗t = −(R0′WR0)−1R0′WEtY 0
t ,

where

R0 =
∂hy(X−t,EtΞt, ε

e
t ;φ)

∂εet

∣∣∣∣
φ=φ0,εt=ε0t

.

Two comments are in order. First, note that for the linear model considered in the main text

we have hy(X−t,Ξt, ε
e
t ;φ

0) = R0εet + Υt, see Proposition 1, such that we immediately have

R0 = R0. Second, we do not claim that R0 can generally be estimated using conventional

econometric methods. Clearly, when the function hy() is unknown this is complicated as

non-parametric methods will need to be used, which given the typically limited time series

observations available may yield uninformative causal effects. The point here is simply to

illustrate the theoretical limit of our approach.

We have the following key result.

Theorem S1. Given model (S4) under assumption S1 if δg∗t exists we have that

δg∗t 6= 0 ⇒ P
e0
t 6= P

eopt
t .

Proof. By Assumption S1 part 1, the loss function Lt is continuously differentiable on

E , thus by Lemma 4.3.1 in Dennis and Schnabel (1996) and Assumption S1 the optimal

policy P
eopt
t = hp(X−t,EtΞt,0;φopt) for any φopt ∈ Φopt satisfies the gradient condition

∇εtLt|φ=φopt,εet=0 = 0. Hence, if P
e0
t is optimal we must have that ∇εtLt|φ=φ0,εet=εe0t

=

R0′WEtY0
t = 0, with EtY0

t = hy(X−t,EtΞt, ε
e0
t ;φ0) , which if δg∗t exists implies that δg∗t

must satisfy δg∗t 6= 0 if P
e0
t 6= P

eopt
t . The existence of δg∗t depends on whether the inverse of

R0′WR0 exists, which can be verified for any given model.

The key purpose for stating Theorem S1 is twofold. First, the key underlying Assumption

(S1) characterizes the class of models for which our sufficient statistics approach can be used

for policy evaluation. Second, Theorem S1 is useful for characterizing optimal policy in

complicated possibly nonlinear models. Indeed while the traditional approach to optimal

policy — as documented in Section 2 for the baseline NK model — may become complex

for nonlinear models, the gradient based approach underlying Theorem S1 may provide a

workable necessary condition for optimal policy. That is determining δg∗t 6= 0 may be easier

then solving the model and computing the optimal policy.

Next, we discuss the details for the specific examples — state dependence and multiple
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regimes — as mentioned in the main text.

B1: State dependence

Under state dependence with two states as in Auerbach and Gorodnichenko (2013) the

generic model for the economy remains conditionally linear, i.e.{
Ayy(zt)EtYt − Ayw(zt)EtWt −Ayp(zt)Pe

t = Byx(zt)X−t + Byξ(zt)EtΞt

Aww(zt)EtWt −Awy(zt)EtYt −Awp(zt)Pe
t = Bwx(zt)X−t + Bwξ(zt)EtΞt

, (S5)

where zt is some predetermined time-t measurable variable and for D = A,B

D..(zt) = F (zt)D..(1) + (1− F (zt))D..(2)

where F (zt) can be interpreted as a measure of probability of being in state 1 at time t based

on some time t predetermined variable zt.
2

The optimal state dependent policy P
eopt
t (zt) can be defined as the solution for Pt to

min
Yt,Wt,Pt

Lt s.t. (S5) . (S6)

The generic policy rule is given by

App(zt)Pe
t −Apy(zt)EtYt −Apw(zt)EtWt = Bpξ(zt)EtΞt + Bpx(zt)X−t ,

where the definition for the maps A··(zt) and B··(zt) is the same a above. We collect all the

coefficients of the rule in φ(zt). The state dependent OPP under a given rule φ0(zt) is given

by

δ∗t (zt) = −(R(zt)
0′WR(zt)

0)−1R(zt)
0′WEtY0

t ,

where R0(zt) = F (zt)R0
(1) + (1− F (zt))R0

(2) captures the causal state dependent effect of εt

on Yt. The following corollary summarizes the properties of the state dependent OPP.

Corollary 1. Given model (S5). Under the assumptions that (1) the optimal policy P
eopt
t (zt)

is unique, and (2) the rule φ0(zt) underlying the proposed policy path P
e0
t (zt) leads to a unique

and determinate equilibrium, we have that

1. δ∗t (zt) = 0 ⇐⇒ P
e0
t (zt) = P

eopt
t (zt).

2. P
e0
t + δ∗t (zt) = P

eopt
t (zt).

Proof of Corollary 1. The proof is identical to the proof of Proposition 1 after changing the

maps A.. and B.. to A..(zt) and B..(zt), respectively.
2A popular functional form for F (.) is F (zt) = exp(−γzt)/[1 + exp(−γzt)] with γ a tuning parameter.
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B2: Multiple policy regimes

Next, we consider the case where there can be a feedback between the non-policy block

and the policy block, in the form of multiple multiple regimes. An important example is

in the context of monetary policy is whether long-run inflation expectations are “anchored”

—fixed at some value— or “unanchored” —inflation expectations depend on the state of

the economy— (e.g., Bernanke, 2007). The anchoring of inflation expectations matters for

the dynamics of inflation, and likely depends on the central bank’s policy rule or objective

function.

To capture this idea, consider a generalization of (15) with{
Ayy(ϑ)EtYt − Ayw(ϑ)EtWt −Ayp(ϑ)Pe

t = Byx(ϑ)X−t + Byξ(ϑ)EtΞt

Aww(ϑ)EtWt −Awy(ϑ)EtYt −Awp(ϑ)Pe
t = Bwx(ϑ)X−t + Bwξ(ϑ)EtΞt

, (S7)

where A..(ϑ) and B..(ϑ) capture describe the economy under the policy regime ϑ.

As in the baseline model, the generic policy rule is

AppPe
t −ApyEtYt −ApwEtWt = BpξEtΞt + BpxX−t, (S8)

and we collect all the rule parameters in φ = {App,Apy,Apw,Bpx,Bpξ}.
The policy regime ϑ can depend on the policy rule φ, creating a feedback from the policy

rule to the coefficients of the non-policy block. Assume that there exists only a finite number

of regimes. Here we consider the case with two regimes for clarity of exposition and following

our example on anchored/unanchored inflation expectations. The maps D..(ϑ), for D = A,B,

are of the form

D..(ϑ) =

{
D..(ϑ1) if φ ∈ Φ1

D..(ϑ2) if φ ∈ Φ2

, (S9)

where Φ1 ∪ Φ2 = Φ and Φi ∩ Φj = ∅.
The characterization of the optimal policy choice requires more care. Here we define the

optimal policy as the policy rule (and associated policy regime) that ensures the lowest loss.

We consider

min
Yt,Wt,Pt,φ

Lt s.t. (S7)-(S8) , (S10)

where we note that since the coefficients of the policy equation directly affect the coefficients

that describe the economy, we need to take into account the policy equation when defining

the optimal policy. We denote the solution for Pt to this minimization problem by P
eopt
t (ϑopt)

where ϑopt corresponds to φopt which is the minimizing φ. We will assume that φopt lies in

the interior of some Φi, which rules out boundary solutions.

Given a policy proposal P
e0
t , implied by choices φ0 and εe0, where φ0 implies the regime
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ϑ0 ∈ {ϑ1, ϑ2}, the regime specific OPP statistic is

δ∗t (ϑ
0) = −(R0(ϑ0)′WR0(ϑ0))−1R0(ϑ0)′WEtY0

t ,

where EtY0
t is the expected allocation under P

e0
t . Note that computing the regime specific

OPP only requires R0(ϑ0) the causal effects under the proposed policy policy and does not

require knowledge of the causal effects in any of the other regimes.

The following corollary establishes the main property of the regime specific

Corollary 2. Given model (S7)-(S9), under the assumptions that (1) the optimal policy

P
eopt
t (ϑopt) is unique and the underlying rule φopt leads to a unique and determinate equilib-

rium, and (2) the rule φ0 underlying the proposed policy path P
e0
t (zt) leads to a unique and

determinate equilibrium, we have that

δ∗t (ϑ
0) 6= 0 ⇒ P

e0
t (ϑ0) 6= P

eopt
t (ϑopt) .

The corollary implies that if the regime specific OPP is non-zero we have that the policy

choice is non optimal.

Proof of Corollary 2. The Lagrangian for the optimal policy problem (S10) is given by

Lt =Et
{

1

2
Y′tWYt + µ′1(Ayy(ϑ)Yt − Ayw(ϑ)Wt −Ayp(ϑ)Pt − Byx(ϑ)X−t − Byξ(ϑ)Ξt)

+µ′2(Aww(ϑ)Wt −Awy(ϑ)Yt −Awp(ϑ)Pt − Bwx(ϑ)X−t − Bwξ(ϑ)Ξt)

+µ′3(AppPt −ApyYt −ApwWt − BpxX−t − BpξΞt − εt)} ,

where A..(ϑ) and B..(ϑ) capture describe the economy under the policy regime ϑ determined

by the policy rule φ = {App,Apy,Apw,Bpx,Bpξ}
The first order conditions for Yt,Wt,Pt are given by

0 =WEtYt +A′yy(ϑopt)µ1 −A′wy(ϑopt)µ2 −A
′

pyµ3

0 = −A′yw(ϑopt)µ1 +A′ww(ϑopt)µ2 −A
′

pwµ3

0 = −A′yp(ϑopt)µ1 −A′wp(ϑopt)µ2 +A′

ppµ3

Importantly, with a finite number of regimes if φopt lies in the interior of some Φi, all

the derivatives of the maps A..(ϑ) and B..(ϑ) with respect to the elements of φ are zero.

Intuitively, an infinitely small change in a rule coefficient does not trigger a regime change.

In that case, unless the economy is already perfectly stabilized,3 the first order conditions

3Technically, we exclude that all shocks until time t and all initial conditions are zero, a trivial case we
can discard.
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with respect to the elements of φ imply that µ3 = 0. To see that, note that optimization

with respect to, for instance, the jth element of the first row of Bpξ gives

µ3,jEξt = 0

where µ3,j is the corresponding element of the µ3 vector. Unless Etξt = 0,4 this implies

µ3,j = 0. We can proceed similarly with the other coefficients of φ to show µ3 = 0.

With µ3 = 0, note that the optimization problem (S10) has the same first order conditions

as the following fictitious problem: given some optimal policy rule φopt the policy maker can

choose Yt, Wt, Pt and a sequence of policy shocks εt to minimize Lt. Indeed, for that

problem the Lagrangian writes

Lft =Et
{

1

2
Y′tWYt + µ′1(Ayy(ϑopt)Yt − Ayw(ϑopt)Wt −Ayp(ϑopt)Pt − Byx(ϑopt)X−t − Byξ(ϑopt)Ξt)

+µ′2(Aww(ϑopt)Wt −Awy(ϑopt)Yt −Awp(ϑopt)Pt − Bwx(ϑopt)X−t − Bwξ(ϑopt)Ξt)

+µ′3(Aopt
pp Pt −Aopt

py Yt −Aopt
pw Wt − Bopt

px X−t − Bopt
pξ Ξt − εt)

}
.

The first-order conditions with respect to εt yield µ3 = 0, which immediately establishes

that the first-order conditions of the fictitious problem are the same as those of problem

(S10). As in the proof of Proposition 1, under the stated assumption that φopt implies a

unique equilibrium, the fictitious problem can also be stated as

min
εt
Lt s.t. EtYt = Roptεet + Copt

x X−t + Copt
ξ Ξt .

which leads to the first order condition

Ropt′WEtYt = 0 .

This establishes that Ropt′WEtYt = 0 is a necessary condition for the original optimization

problem (S10).

Next, consider the second fictitious problem: given the proposed policy rule φ0 the policy

maker can choose Yt, Wt, Pt and a sequence of policy shocks εt to minimize Lt. Using the

exactly the same steps as above, and noting that φ0 leads to a unique equilibrium, it follows

that R0′WEtYt = 0 is a necessary condition for optimality under this rule. This implies

that if we find that R0′WEtYt 6= 0, then P
e0
t 6= P

eopt
t as there can only be two cases. First, if

φ0 implies the same regime as φopt it follows immediately as R0′WEtYt = Ropt′WEtYt = 0

is a necessary condition. Second, if we find that φ0 does not imply the same regime as φopt

4Technically, the condition is much weaker: we only have to exclude that the economy is perfectly
stabilized when Pe

t = 0, i.e., that all shocks and all initial conditions are zero. A trivial case we can discard.
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the result also follows immediately as φ0 then does not minimize the loss function.

Finally, note that since δ∗t (ϑ
0) is just a rescaling ofR0′WEtYt the same conclusion carries

over, and δ∗t (ϑ
0) = 0 is a necessary condition for optimality. Importantly however, unlike in

the linear case, that condition is not sufficient to characterize the optimal policy. With of a

feedback from φ to the maps A..(ϑ) and B..(ϑ), a policy satisfying R0′WEtYt = 0 could be a

local minimum, when the regime ϑ0 associated with rule φ0 is not the regime ϑopt associated

with the optimal rule φopt.

S3 General convex loss functions

In the main text we restricted ourselves to quadratic loss functions when testing the opti-

mality of a given policy choice. In this section we show that the main idea – exploiting the

gradient of the loss function to evaluate optimality– continues to apply for essentially any

convex loss function. The only difference is that the evaluation of the gradient will require

the full forecast densities instead of only the mean oracle forecasts.

To show this, let Lt(Yt; θ) denote a loss function which is convex and differentiable with

respect to Yt and may depend on preference parameters denoted by θ. The quadratic loss

function (14) in the main text is a special case where θ includes preference parameters λ

and discount factors β. Using the same generic model (15), we can summarize the policy

maker’s problem by

min
Yt,Wt,Pt

EtLt(Yt; θ) s.t (15)

To evaluate whether a proposed policy choice P
e0
t solves this problem we can follow the same

steps as in the main text. Specifically, using the proof of Proposition 1 it follows immediately

that the equivalence P
e0
t = P

eopt
t ⇐⇒ ∇εtEtLt(Yt; θ)|Pe0

t
= 0 continues to hold. However,

now the gradient with respect to εt evaluated at P
e0
t is given by

∇εtEtLt(Yt; θ)|Pe0
t

= R0′ × ∇YtEtLt(Yt; θ)|Pe0
t
.

Given that Lt(Yt; θ) is convex with respect to Yt and Yt is an affine function of εt in

equilibrium we have that if ∇εtEtLt(Yt; θ)|Pe0
t
6= 0 the policy choice P

e0
t is not optimal.

To evaluate the gradient we need to compute the derivative ∇YtEtLt(Yt; θ)|Pe0
t

. Under

a quadratic loss 1
2
Y′tWYt, this expression simplifies to ∇YtEtLt(Yt; θ)|Pe0

t
= WEtY0

t as in

the main text, but for a general convex loss we have

∇YtEtLt(Yt; θ)|Pe0
t

=

∫
Y0

t

∇YtLt(Y0
t ; θ)p(Y

0
t |Ft)dY0

t , (S11)
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where p(Y0
t |Ft) is the forecast density under the proposed policy choice P

e0
t . Thus, provided

the forecast density is available, we can construct the OPP statistic and OPP-based tests

as in the main text. The only difference is that there is no closed form expression for the

gradient, and numerical or Monte Carlo integration methods will be necessary.

S4 Estimating robust preference parameters

Researchers outside of the policy maker’s research staff may not have access to the policy

maker’s preferences W . For this setting, we outline an approach for conducting preference

robust OPP inference. The idea is to exploit a sequence of past policy decisions to find the

preferences that gives the smallest deviations from optimality on average. This approach

can thus be seen as considering a worse-case scenario for rejecting optimality.

Specifically, we write ω = β⊗λ, the elements of the preference matrixW , as a function of

the dθ×1, parameter vector θ, i.e., ω = ω(θ), with dθ ≤ K, and we estimate θ by numerically

solving 5

θ̂ = arg min
θ∈Θ

Ŝ(θ) , Ŝ(θ) =

∥∥∥∥∥ 1

n

t∑
s=t0

δ̂a,s(θ)

∥∥∥∥∥
2

, (S12)

where δ̂a,s(θ) corresponds to the mean OPP estimate (29) as a function of θ.

With the estimated θ̂ in hand a researcher can base the optimality assessment on the

simulated distribution of the OPP given θ̂, which ensures that deviations from optimality

are not due to potentially arbitrary choices for the preference parameters.

S5 Additional results for the empirical study

In this section we discuss additional results for our empirical study on testing US monetary

policy decisions. These results are complementary to those presented in Section 6 of the

main text. In particular, the different subsections discuss the following aspects.

1. Understanding the policy shocks

2. Sensitivity to the preference parameter λ

3. Alternative dynamic causal effect estimates: SVAR inference

4. Testing the stability of the macro environment

5To give a specific example, suppose that My = 2 and Mp = 2, then we can take θ = (θ1, θ2)′ and set
ω(θ) = (θ01, θ

1
1, . . .)

′ ⊗ (1, θ2)′ , which implies that β = (θ01, θ
1
1, . . .)

′ and λ = (1, θ2)′.
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S5.1 Impulse responses to the policy shocks

In our empirical study we use shocks to the policy rate and to the slope of the yield curve.

Clearly, this is a subset of all possible policy shocks, and it is of interest to understand the

policy experiments that we are considering.

To this extent, Figure S1 plots the full set of impulse responses to (i) innovations to the

fed funds rate, and (ii) innovations to the slope of yield curve. Compared to the figures in

the main text, Figure S1 also reports the path of the fed funds rate and the path of the

slope of the yield curve. We can see that both policy experiments correspond to somewhat

persistent changes to the policy instrument, similar to earlier estimates of impulse responses

to monetary shocks (e.g., Barnichon and Matthes, 2018).

S5.2 The preference parameter λ

In the main text we used λ = 1 to compute the OPP-based tests. In this section we compute

the OPPs for different choices of λ between [0.2, 2]. The results for different choices of λ are

shown in Figure S2. We find that the short-rate OPP is not sensitive to the choice for λ. In

fact, all of our main findings hold for all choices of λ and the differences are often small. For

the slope OPP the findings are a bit different. Here low values of λ, say λ = 0.2, move the

slope OPP towards zero and the findings during the financial crises are no longer significant.

The reason is that the causal effects of inflation are estimated with greater uncertainty, such

that putting more weight on the inflation mandate (a lower λ) increases the attenuation bias

and lessens the power of our optimality test. That said, we stress that the data indicates

that such low values for λ are unlikely, as the worst case λ that we computed using (S12)

was determined at λ = 0.6.

S5.3 Alternative dynamic causal effect estimates

In the main text we used LP-IV type estimates for the dynamic causal effects. In this section

we estimate the causal effects using the SVAR-IV methodology (e.g. Montiel Olea, Stock and

Watson, 2020). The instrumental variables remain identical: high frequency surprises to the

fed funds rate and to the slope of the yield curve.

To compute the SVAR-IV dynamic causal effects we use the same specification as for

LP-IV and consider a SVAR with unemployment, inflation, the spread between the 10 year

and short term interest rates, the short term interest rate and the excess bond yield measure

of Gilchrist and Zakraj̆sek (2012). This implies that we use the same control variables as we

used for the LP-IV specification.

The impulse response estimates are shown in Figure S3. We find that the patterns are
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very close. There are two differences: (i) for the fed funds rate shock the response of inflation

is lower for the SVAR-IV method and (ii) for the slope shock the response of unemployment

is lower for the SVAR-IV method.

Next, we use the SVAR-IV estimates to compute the OPP statistics. The results are

shown in Figure S4. The differences between LP-based and SVAR-based OPPs for the fed

funds rate are very small. If anything, the SVAR-based OPP for the fed funds rate is more

often significantly different from zero, notably in the early stage of the Great Recession (April

2008) when the OPP is significantly negative even at the 95 percent confidence level. For

the SVAR-based OPPs for the slope of the yield curve, the SVAR-based OPP is somewhat

muted, still significant at the 68% level in the early stage of the Great Recession but not

anymore at the 95% level. This is caused by the fact that SVAR-IV estimates a smaller

impulse response of unemployment to a slope shock but a similar response of inflation. As

a result, the inflation/unemployment trade-off is less attractive, i.e., there is less of a case

for a more aggressive use of slope policy in order to bring down unemployment faster (in

exchange for more inflation).

S5.4 Testing the stability of the dynamic causal effects

The retrospective study of past policy decisions is based on the assumption that the dynamic

causal effects are stable for some time period (so that we can estimateR0
a). To verify whether

this was the case for our empirical study we consider testing the stability of the dynamic

causal effect estimates using the structural change tests for linear models with endogenous

variables proposed in Hall, Han and Boldea (2012). We implement the tests using the wild

fixed-regressor bootstrap as this allows for heteroskedasticity and an unstable reduced form,

see Boldea, Cornea-Madeira and Hall (2019).

The specifications that we consider are given by

yt+h = R0
x,hxt + γywt + ut y = π, u x = i, s , (S13)

where s denotes the slope of the yield curve and i the policy rate. The fed funds rate it is

instrumented by the monetary policy surprises to the fed funds rate measured around the

FOMC announcements within a 30 minute window (e.g. Kuttner, 2001). The slope of the

yield curve is instrumented by the surprises to the ten-year Treasury yield (orthogonalized

with respect to surprises to the current fed funds rate). Note that we conduct the break

tests equation-by-equation to study whether there exists breaks at different horizons.

We are interested in testing whether R0
x,h is stable over the sampling period. Specifically,

we test the hypothesis H0 : m = 0 against H1 : m = 1, where m is the number of structural

breaks in R0
x,h. The test statistic used is the sup-Wald test, which under homoskedasticity
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corresponds to the sup-F test of Andrews (1993). We follow Boldea, Cornea-Madeira and

Hall (2019) and implement the test using the wild fixed-regressor bootstrap. We refer to

their paper for the details.

The resulting bootstrap p-values are reported in Table S1. We find no evidence of param-

eter instability as we can never reject the null of constant R0
x,h whether for shocks to the fed

funds rate or to the slope of the yield curve. This holds for both inflation and unemployment

and for all the horizons considered. We conclude that for both the short-rate OPP and the

slope OPP we cannot reject the null hypothesis of parameter stability.
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Figure S1: Impulse responses to policy innovations

 0  5 10 15
-2

0

2

i i

 0  5 10 15
-2

0

2

 0  5 10 15

0

1

2

i

 0  5 10 15

0

2

4

 0  5 10 15

-0.5

0

0.5

i

 0  5 10 15

-1

0

1

Notes: Left panel: impulse responses (IRs) of the fed funds rate, inflation and unemployment gaps to a
fed funds rate shock. Right panel: impulse responses (IRs) of the slope of the yield curve, inflation and
unemployment gaps to a slope policy shock. Shaded bands denote the 95 percent confidence intervals.
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Figure S2: OPP for different λ, 1990-2019
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Notes: Top panel: short-rate OPP. The colored lines correspond to the OPP with λ’s between 0.2 and 2.
Bottom panel: slope OPP. The colored lines correspond to the OPP with λ’s between 0.2 and 2. The grey
areas capture impulse response and model uncertainty at respectively 68% (darker shade) and 95% (lighter
shade) confidence when using λ = 1 as in the main text.
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Figure S3: LP-IV vs SVAR-IV
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Notes: The panels compare the LP-IV and SVAR-IV estimates of the impulse responses of inflation (left
column) or unemployment (right column) to an innovation to the fed funds rate (top row) or to the slope of
the yield curve (bottom row).
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Figure S4: OPPs for fed monetary policy, Using SVAR-IV to estimate R0
a
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Notes: OPP sequences over 1990-2019. Top panel: fed funds rate OPP estimated using SVAR-IV estimates
for R0

a. Bottom panel: slope OPP estimated using SVAR-IV estimates for R0
a.

21



Table S1: Structural Break Tests for R0
x,h

FFR: 1990-2007

h π u
0 0.49 0.57
5 0.43 0.10
10 0.58 0.27
15 0.44 0.29
20 0.60 0.62

Slope: 2008-2018

h π u
0 0.71 0.62
5 0.72 0.36
10 0.96 0.47
15 0.81 0.34
20 0.50 0.79

Notes: We report the fixed-regressor bootstrap p-values for testing the hypothesis H0 : m = 0 vs H1 : m = 1,

where m is the number of breaks in the causal effect R0
x,h of an innovation to x (the fed funds rate or the

slope of the yield curve) on inflation (π) or unemployment (u) after h = 0, 5, 10, 15, 20 quarters. In the

top panel, the fed funds rate is instrumented with the high frequency monetary policy surprises of Kuttner

(2001). In the bottom panel the slope of the yield curve is instrumented with surprises to the ten-year

Treasury yield (orthogonalized with respect to surprises to the current fed funds rate). The bootstrap was

implemented following Boldea, Cornea-Madeira and Hall (2019).
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